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University of New Hampshire, December, 2015 
The plastic anisotropy of Commercially-Pure Titanium (CP-Ti, or Grade 2 Ti) is probed 
with an extensive set of experiments, performed on a hot-rolled CP-Ti plate of 12.7 mm thickness. 
The experiments reported here are: 1) uniaxial tension at 15o angles to the rolling direction (RD) 
of the plate, 2) uniaxial tension in the thickness, or normal direction (ND) of the plate, 3) uniaxial 
compression at 15o angles to the RD, as well as in ND, 4) plane-strain tension at 15o angles to 
the RD, 5) plane-strain compression at 15o angles to the RD. A total of 30 experiments (and two 
repetitions for each) were performed for this research. The uniaxial tension and compression 
experiments involve standard specimen geometries, except for the uniaxial tension in the ND, 
which required the creation of a custom, miniature tensile specimen. A novel method for 
determining the stresses in a plane-strain tension experiment was devised using finite element 
analysis. The experiments reveal the plastic anisotropy and tension-compression asymmetry of 
CP-Ti. Furthermore, they are used to calibrate 3 commonly used constitutive models (yield 
functions). While not pursued here, it is expected that this improved understanding and 
representation of the behavior of CP-Ti can lead to improved numerical simulations of material 








The need for advanced higher strength-to-weight ratio materials is growing now more than 
ever in the manufacturing and engineering industries [13]. Industries like aerospace and defense 
are exploring new materials like Titanium alloys that are lighter and have higher strength than 
conventional engineering materials for specific applications. Medical industry has uses for 
Titanium in surgical equipment and implants because of its biocompatibility [24]. Likewise, 
Titanium alloys have excellent corrosion resistance and high temperature resistance of any 
metallic element [17]. These outstanding properties of Titanium and its alloys have found 
widespread use in high-performance applications in various other industries like nuclear, sports, 
and medical. [37].  
The aerospace industry is one of the top customers of Titanium with the demand for the 
newer and better planes on the increase. The high strength and low density of Titanium provides 
aero-engine manufacturers the desirable levels of performance. In addition, because of the high 
temperature performance of Titanium, its alloys are used in jet engine and airframe parts where 
there is a need to withstand temperatures from subzero to 600 degree Celsius.  
Similarly, in the nuclear industry, there is a need for corrosion-resistant materials as the 
coolant used in most of the commercial light water reactors is sea water which is highly corrosive 
in nature. To save time and money in the maintenance and replacement of corroded parts and 
ducts, Titanium has been playing a promising role in these industries.  In addition to light weight, 





choice in the field of medicine as well. Also, Titanium alloys parts and components are widely 
used in sporting good, automotive, orthopedic implant, and downhole drilling service applications 
[40].  
Moreover, the strict CAFÉ regulation along with the increasing competition among the 
auto manufacturers have led to a push for light-weight vehicles to increase the gas mileage. As 
per the Environmental Protection Agency (EPA), the average gas mileage of the new light duty 
automobiles must be above 50 miles per gallon (mpg) by the year 2025 [22]. One of the realistic 
ways to achieve this goal is to replace heavier components and parts by higher strength-to-weight 
materials like Titanium.  This can be a promising future material in the auto industry for the light-
weighting operations and the same time to comply with the safety regulations.  
1.2 Material behavior and Anisotropy 
Commercially-pure Titanium (CP-Ti) is a material that crystallizes in the HCP 
arrangement. Because of the HCP packing, the plastic deformation of this material can be 
accommodated by a combination of slip and twinning, which gives rise to a complex mechanical 
response, much more so than conventional Steel and Aluminum alloys [38]. This complex 
behavior dictates the use of an extensive experimental characterization program. 
A large number of studies have been carried out in understanding and modeling the 
response of the titanium alloys based on the uniaxial response of the material at different strain 
rates [36]. However, there is a limited experimental data on the multiaxial response that is equally 
important in understanding the complex material response and anisotropic behavior [27]. 
Anisotropy is the property of being directionally dependent and can be induced due to 
crystallographic texture patterns that are created during manufacturing processes like rolling and 





causing dissimilar plastic flow in different directions. This can lead to inconsistency in mechanical 
properties in the rolling and transverse directions. The anisotropy of material properties has a 
large effect on the accuracy of a numerical simulation of a material model if not captured 
appropriately. The established anisotropic material model can be implemented in a finite element 
code to predict a material response appropriately. These simulations and predictions are 
important in the manufacturing industry to reduce the amount of trial and error involved in the 
manufacturing process, and to reduce the cost of a manufactured part. 
A variety of experimental techniques are used to characterize a sheet’s anisotropy and 
properties. The Yld-2000-2D model, primarily used for aluminum alloys, and developed by Barlat 
et al. [5] requires the uniaxial tension tests, in the rolling direction (RD), 45o, and transverse 
direction (TD), and the balanced biaxial stress state. The yield stresses and the respective R-
values from the uniaxial tests provide six data points, and the balanced biaxial stress state and 
the slope of the yield surface at the biaxial stress state provide two data points to calculate the 
eight anisotropic parameters. Similarly, the orthotropic yield criterion CPB-06 developed by 
Cazacu et al. [10] is used for hexagonal closed pack (HCP) metals like Titanium and Magnesium 
alloys in order to capture the unique anisotropy and tension-compression asymmetry. This model 
requires tension and compression tests at rolling (RD), transverse (TD), and normal (ND) direction 
to the plate. 
In previous work reported by Ishiki et al. [21], biaxial stress tests and in-plane 
tension/compression tests of pure titanium sheet have been carried out in order to expose its 
anisotropic plastic deformation behavior under linear stress paths. The contours of plastic work 
and the directions of plastic strain rates at different levels of plastic work were precisely measured 
in the stress space. The measured work contours were found to expand significantly toward the 
equibiaxial direction and showed strong asymmetry.  In that work, the mechanical properties were 





to get out-of-plane data points as well. The material had a strong in-plane anisotropy, larger at 
90° than at 0° and the R-value was three times larger at 90° than at 0° [21]. Such large anisotropy 
of pure titanium sheet was also reported in [33] by Kuwabara et al. 
In the same way, Nixon et al. [37] performed comprehensive experimental and theoretical 
investigation of the deformation behavior of high-purity Titanium under quasi-static conditions at 
room temperature to quantify the plastic anisotropy and tension-compression asymmetry of the 
material. They conducted monotonic tensile and compressive tests on samples cut along different 
directions of the plate and developed a new anisotropic elastic/plastic model to describe the quasi-
static macroscopic response of the aggregate.  
Some of the work has been done in the formability of pure titanium sheets as well. The 
circular cup drawing tests done on CP-Ti by Chen et al. [12] reveal the significant in-plane 
anisotropy of CP-Ti. This has been confirmed by the high R-values obtained from the tensile tests 
and the earing phenomenon displayed in the drawn circular cups [12]. 
1.3 Research Objective 
The primary objective of this research is to 1) extensively characterize and quantify the 
material properties of CP-Ti, 2) experimentally investigate the plastic anisotropy, and 3) calibrate 
various isotropic and anisotropic constitutive models (yield functions).  
The different types of experiments done on CP-Ti specimens are uniaxial tension tests 
(T1), uniaxial round tension tests (RT), through-thickness tension tests (T2), uniaxial compression 
tests (C1), through-thickness compression tests (C2), plane-strain tension tests (PST), and plane-
strain compression tests (PSC). These tests are performed at various orientations (3 tests in each 







Table 1.1 List of CP-Ti specimens 
Test Specimen Abbreviation Orientations with respect to RD 
Uniaxial Tension T1 (and T1n) 0°, 15°, 30°, 45°, 60°, 75°, 90° 
Uniaxial Round Tension RT 0° and 90° 
Through-thickness Tension T2 ND 
Uniaxial Compression C1 0°, 15°, 30°, 45°, 60°, 75°, 90° 
Through-thickness Compression C2 ND 
Plane-Strain Tension PST 0°, 15°, 30°, 45°, 60°, 75°, 90° 
Plane-Strain Compression PSC 0°, 15°, 30°, 45°, 60°, 75°, 90° 
 
In addition, a formal procedure is provided to correct the experimental stress profile of the 
PST experiments in the gage section using finite element analysis. The non-linear implicit code 
Abaqus/Standard software is used to model the PST specimen and determine the stress 
correction factor to correct the experimental stresses. Likewise, a detail experimental setup 
including the designs of appropriate dies and components, testing procedure, and lubrication 
assessment are investigated and developed for the plane-strain compression tests.  
The experiments are used to calibrate three common constitutive models. Although only 
a handful of experiments (especially in RD, TD, and ND) are required to calibrate most of the 
commonly used yield functions, test results from other orientations (every 15o angles with respect 
to RD) are investigated in detail to experimentally establish the anisotropic behavior of CP-Ti. The 
established anisotropy can be implemented in finite element software to improve numerical 






The layout of different types of CP-Ti specimens to be tested at various orientations with 
respect to the RD of a plate are shown in Figure 1.1 and Figure 1.2 [3]. The RT specimens are 
extracted from a separate plate layout and are not shown in this figure. The plate is hot-rolled and 
has an initial thickness of 12.7 mm (0.5 in.). 
 
Figure 1.1 – Layout of CP-Ti specimens (T2, PSC, C1, and T1) on a rolled plate with respect to 







Figure 1.2 – Layout of CP-Ti specimens (PST) on a rolled plate with respect to the rolling 








1.4 Thesis Outline 
The experimental procedures including the pictures of test set-up and specimens for each 
test are described in detail in this thesis. Chapter 2 is based on the outcomes from the uniaxial 
in-plane tension and round tension experiments to establish material anisotropy in tension. 
Chapter 3 is based on the through-thickness tension tests to investigate material properties and 
anisotropy in the normal direction. Chapter 4 includes the experimental findings from the uniaxial 
in-plane and through-thickness compression tests in order to establish anisotropy in compression.  
In the same way, Chapter 5 and Chapter 6 cover the experiment methods for the PST and 
PSC tests respectively in order to assess the anisotropy in plane-strain tension and compression. 
Also included in these chapters are the procedures to correct the experimental stress profile in 
PST specimens and the testing procedures for the PSC experiments. Chapter 7 presents the 
results from all of the experiments in a cumulative way in order to formally establish the plastic 
anisotropy and tension-compression asymmetry of CP-Ti. Also in Chapter 7, three commonly 
used yield functions including an advanced anisotropic function that captures both anisotropy and 
tension-compression asymmetry of CP-Ti are calibrated. Finally, Chapter 8 delivers conclusions 








UNIAXIAL IN-PLANE TENSION (T1) AND ROUND 
TENSION (RT) TESTS 
2.1 Specimen Design for T1 and RT tests 
The T1 experiments were performed on tensile specimens extracted every 15o from the 
rolling direction of a plate. The plate was hot-rolled and had an initial thickness of 12.7 mm (0.5 
in.).  The specimen geometry followed the ASTM E-8 standard (subsize specimens) with a square 
cross-section [1]. An engineering drawing of the T1 specimen geometry is given in the Appendix 
A (Section A). The uniaxial specimens were machined by the sponsor of this project using a 
combination of milling and water-jet-cutting.  
Similarly, the RT experiments were performed on specimens extracted at RD and TD of 
the plate. The specimen geometry followed the ASTM E-8 standard (subsize specimens) with a 
circular cross section with flat ends. An engineering drawing of the RT specimen geometry is 
given in the Appendix A (Section B). The RT specimens were turned on a lathe by the sponsor. 
2.2 Experimental Setup and Testing Procedure 
The T1 experiments were performed in an MTS Landmark 370 tension/compression 
servohydraulic testing machine with Flextest software and controller (see Figure 2.1). The 
capacity of the machine is 250-kN (55-kips) and the stroke is 176 mm (6.9”). It is equipped with 






During the experiments, the load cell reading, the average strain over a 25.4 mm (1 in.) 
gage-length and the full-strain-field were recorded. The average strain was acquired with an MTS 
623.12E-24 extensometer. The full-strain-field was acquired using the Digital Image Correlation 
(DIC) method [39]. The VIC-Snap system (Correlated Solutions, Inc.) was used to acquire the 
images from a 2.0 Megapixel digital camera (Point Grey Research, Inc.) equipped with 35 mm 
Schneider lenses with a frame-rate of 500 ms. The images where then post-processed using the 
VIC-2D system (Correlated Solutions, Inc.) with a subset size of 21 pixels and a step size of 5 
pixels (software-recommended sizes for standard analysis). The load cell output from the MTS 
controller (DA output Channel 1) was recorded via NI 9215 High Speed USB Carrier synchronized 
with the DIC system. To investigate the extent of deformation-induced heating, a FLIR SC-645 
infrared camera, with a range of -20 oC to 650 oC, temperature resolution of 0.05 oC and spatial 
resolution of 640x480 pixels was used in some of the experiments. 
Before each experiment, the dimensions of the specimen (see Figure 2.2) were measured 
using a micrometer. The specimen was painted white and a random speckle of black dots was 
then applied (Rust-oleum spray paint), for DIC purposes. The specimen was placed in the testing 
machine and clamped in the hydraulic grips. The bottom grip was actuated first. The machine was 
then set to load control and the top grip was actuated. After the grip clamped the specimen, a few 
minutes were given for the system to come to equilibrium. The machine was then switched to 
displacement control. Care was taken to ensure that the specimen was aligned vertically and was 
coaxial with the load train. The MTS extensometer was installed next, and the experiment was 
initiated in the MTS controller. All experiments (with the exception of one specimen at 15o to the 
RD) were performed at a cross-head displacement of 0.04 mm/s, which induced a nominal strain-






Figure 2.1 – MTS servohydraulic testing machine and 2D DIC system at UNH and 
experimental set-up for T1 tests. 
 





Similarly, the RT experiments were performed in the MTS testing machine as well. The 
experimental set up for the RT tests is shown in Figure 2.3. The difference in the RT setup from 
the T1 setup shown in Figure 2.1 is the use of two digital cameras, to facilitate the use of 3D 
Digital Image Correlation (DIC). The primary reason for testing these round tension specimens 
(RT specimens) is to validate the R-value (plastic-strain) ratio obtained from the in-plane flat 
specimens (T1 specimens). The initial circular cross-section of the RT specimen (in RD and TD) 
deforms to ellipse (or a non-circular cross section) due to the anisotropy present in the material. 
The deformed cross-section can be physically measured to approximate the R-value for both RD 
and TD specimens. Then, the final R-value results obtained from the T1 specimens will be 
compared to the ones observed in the RT specimens as will be described in the Chapter 7. 
Like the T1 tests, the load, the average strain over a 25.4 mm (1 in.) gage-length and the 
full-strain-field were recorded. The 3-D DIC setup uses two digital cameras (instead of 1 camera 
used for the 2-D setup) to acquire the images. The image acquisition was set at a frame-rate of 
500 ms. The images obtained using the DIC method were then post-processed using the VIC-3D 
system for the RT specimens with a subset size of 29 pixels and a step size of 7 pixels (software-
recommended sizes for standard analysis). The 3-D DIC system setup was calibrated using the 
standard calibration grid prior to the experiments. In this setup as well, the loading force output 
from the MTS controller (DA output Channel 1) was recorded via NI 9215 High Speed USB Carrier 






Figure 2.3 – MTS servohydraulic testing machine and 3D DIC system at UNH and 
experimental set-up for RT tests. 
Before each experiment, the dimensions of the specimen were measured using a calipers, 
suitable for measuring circular cross-section. The specimen was painted white and a random 
speckle of black dots was then applied, for DIC purposes. The un-deformed and deformed 
specimens with speckles pattern are shown in Figure 2.4 and Figure 2.5. 
The clamping and testing procedures for the RT specimens are very similar to those 
described for the uniaxial in-plane specimens (T1 specimens). Like the T1 tests, all RT 
experiments were performed at a cross-head displacement of 0.04 mm/s, which induced a 






Figure 2.4 – Un-deformed RT specimens. 
 
 






2.3 Description of a Typical Experiment 
A total of twenty-one experiments (three in each orientation from 0°-90°) were done for 
the T1 tests. The features of a typical T1 experiment in one orientation are described in this 
section. The experiment selected is a tension test at 30o to the RD. The nominal stress-strain 
curve is shown in Figure 2.6. Included are the strain results from both the MTS extensometer and 
a virtual extensometer of the same gage-length, available in VIC-2D. Both methods yield the same 
strain measurement. 
Of interest in this curve is the very large portion of the curve that the load on the specimen 
is dropping. As is established in the following paragraphs, diffuse necking occurs soon after the 
maximum load. 
 






Figure 2.7 – Nominal stress-strain curve of CP-Ti at 30o to the RD (initial portion). 
A close-up of the initial part of the response is shown in Figure 2.7. Both the MTS 
mechanical extensometer and the DIC virtual extensometer show the same elastic slope. This 
procedure for determining the elastic properties yield only estimated results, at least with the 
settings used here for large-strain acquisition [14]. The value predicted for the elastic slope (107.5 
GPa) is within the limits of the Young’s modulus for CP-Ti [17]. 
Similarly, the true stress-strain curve is derived from the uniform part of the nominal stress-
strain curve and is shown in Figure 2.8. The complete test data at various orientations will be 






Figure 2.8 – True stress-strain curve of CP-Ti at 30o to the RD. 
Likewise, a total of six experiments (three in each RD and TD orientations) were done for 
the RT tests. A typical experiment selected for the RT tests is a tension test at 0o to the RD, 
particularly named as RD-6L. The stress-strain curve for RT test is shown in Figure 2.9. The true 
stress-strain curve is derived from the uniform part of the nominal stress-strain curve. Included 
are the strain results from both the MTS extensometer and a virtual extensometer of the same 
gage-length, available at VIC-3D.  
Like the T1 results (see Figure 2.6), load on the specimen is dropping for longer region of 
the curve past the UTS because of the diffused necking as well. Likewise, both methods (MTS 
and DIC extensometers) yield the same strain measurement. The value predicted for elastic slope 






 Figure 2.9 – Stress-strain curve of CP-Ti at 0o to the RD. 
 





2.4 Repeatability of Stress-Strain Results 
The repeatability of the stress-strain curves (up to and beyond UTS) between experiments 
of the same orientation was excellent. The repeatability within the experimental data can be seen 
from the stress-strain curves obtained from the 30o and 90o orientations and are plotted in Figure 
2.11. The failure strain is different for each test as indicated by the varying tails of the curves. A 
total of three specimens were used in each direction to get repeatable results. 
 








2.5 2D and 3D Digital Image Correlation (DIC) 
The digital image correlation method was used to acquire the strain field evolution 
throughout the deformation. In this way, the onset of necking was (approximately) established, as 
well. A series of snapshots from the DIC system at different levels of overall, average strain δ/GL, 
where δ is the cross-head displacement and GL is the undeformed gage-length are shown in 
Figure 2.12. 
The axial and transverse Lagrangian strains obtained from DIC software are shown in 
Figure 2.13. From this information, it can be seen that the deformation becomes non-uniform soon 
after the maximum load which in this experiment was recorded at 10.70% (nominal strain, i.e. 
δ/GL ). This observation is confirmed upon close examination of the images acquired by the DIC 
cameras.  
 
Figure 2.12 – Contours of axial Lagrangian strain acquired with the DIC system at 






Figure 2.13 – Evolution of the axial (εy) and transverse (εx) nominal strains, plotted 
along the gage length at different levels of average strain, δ/GL. 
Similarly, the 3D DIC method can be used to acquire the strain field evolution in the round 
tensile specimens to establish the onset of necking. A series of snapshots from the 3D DIC system 






Figure 2.14 – Contours of axial logarithmic strain acquired with the 3D-DIC system at 
different levels of average strain δ/GL (= 3%, 10%, 18% and 30%). 
2.6 Plastic Strain Ratio (R-Value) Analysis 
The full-field strain data captured by the DIC can be used to determine the evolution of 
the R-values (Lankford coefficients) throughout the test. The R-value is defined as the ratio of the 
width-to-thickness plastic strain increments [15] (see Figure 2.15). It is a measure of the plastic 
anisotropy of a textured metal (e.g., through rolling) and as such, an indicator of the formability of 
thin sheets. This ratio is plotted in terms of the logarithmic plastic strain in Figure 2.16.  This 







Figure 2.15 – Plastic strain ratio. 
 





Similarly, the plastic strain ratio is compared with the results plotted in terms of total strain 
instead of plastic strain to see the difference in results. The reason for this is that in some materials 
such as steels, it is customary to measure the dimensions of the specimen during or after testing 
and use them to infer the R-value, i.e., using total instead of plastic strains. The plot of R-value in 
terms of plastic strain and total strain for T1-90 specimens is shown in terms of plastic work in 
Figure 2.17. As seen in the plot, there is a significant difference in the results especially in the 
transient stage or at lower levels of deformation and the ratio stabilizes as the deformation 
progresses. From this plot, it is then decided to perform the R-value analysis in terms of plastic 
strain for all of the experiments in order to adhere to the definition of R-value. 
 





2.7 Measurement of Temperature Evolution during Deformation 
The temperature evolution for the T1-1-30 experiment, as captured by the infrared camera 
is shown in Figure 2.18 and plotted along the gage length in Figure 2.19. Some deformation-
induced heating is evident from these plots. The plastic deformation generates heat and the 
temperature rise affects material flow behavior [26]. The significant higher temperature gradient 
in the test would require the need for isothermal tensile-testing methods. However, before the 
onset of necking (e.g., δ/GL = 12%) the temperature gradient from the center of the specimen to 
the gripped ends is approximately 1.5 oC. This indicates that temperature effects on the 
mechanical response prior to localization can be neglected and will not be included in subsequent 
testing methods.  
 
Figure 2.18 – Infrared images of the temperature field in oC along the specimen at 






Figure 2.19 – Temperature evolution along the gage length during plastic deformation 














THROUGH-THICKNESS TENSION TESTS (T2) 
3.1 Specimen Design for T2 tests 
The T2 experiments were performed on tensile subsize specimens extracted in the normal 
direction (ND) of the plate. Prior to ND specimens, some specimens were extracted in the rolling 
direction (RD) of the plate as well. The subsize RD tests were compared to the standard RD tests 
to verify the results. The specimen geometry followed the scaled ASTM E-8 standard (subsize 
specimens) with a square cross-section. An engineering drawing of the specimen geometry is 
given in the Appendix A (Section C). Like the T1 specimens, the T2 specimens were machined 
by the sponsor of this project using a combination of milling and water-jet-cutting.  
3.2 Experimental Setup and Testing Procedure 
The T2 experiments were performed in a Meso-Scale Tensile Testing Machine (µTS) from 
Psylotech with NI LabVIEW software and controller (see Figure 3.1). The capacity of the machine 
is 2000 N and the stroke is 50 mm. The machine has a capacitance-based load cell with a 
resolution of 10 mN that is fixed on the top (stationary) crosshead. The lower crosshead is 
displaced by a lead screw that is driven by a servomotor. The displacement resolution is 250 nm. 
The μTS frame is mounted on the optical breadboard with mountable stands for DIC camera and 
other components as seen in Figure 3.1. The μTS frame is equipped with two fixed dovetail 
structures for sliding the removable mechanical grips (see Figure 3.2). The ordinary procedure 
for running a tensile experiment in this setup is to first clamp the specimen inside the grips and 
then slide the grips over the two dovetails to attach them to the μTS frame. The grips are then 






Figure 3.1 – µTS machine and experimental set-up for T2 tensile tests. 
 
 





During the experiments, the load and the full-strain-field were recorded. The image 
acquisition and image processing procedures from the 2-D DIC system for the T2 tests are exactly 
similar to those of the uniaxial T1 tests described in Section 2.2.  Likewise, the loading force 
output from the µTS controller was recorded via NI 9215 High Speed USB Carrier that is 
synchronized with the DIC system in order to record the load and images at the same time. 
Before each experiment, the dimensions of the specimen were measured using a 
micrometer. The specimen was painted white (Rust-oleum spray paint) and a random speckle of 
black dots was then applied, for DIC purposes. The un-deformed and deformed specimens with 
speckles pattern are shown in Figure 3.3 and Figure 3.4 respectively.  
The specimen was placed in the grips via extension plates and dowel pins and the whole 
setup was mounted and centered properly inside the µTS frame. Then, the experiment was run 
in displacement control, with the encoder displacement-rate set to 12 µm/s, which induced a 
nominal strain-rate of 10-3 /s (same as in the T1 tensile tests).   
 







Figure 3.4 – Deformed and Un-deformed specimens. 
3.3 Grips and Extension Design 
The specimens were half inch (12.7 mm) long and had relatively smaller gripping length 
(3 mm). It is almost impossible to run the test without having the specimen slipping from the grips. 
Also, the minimum clearance between the grips in this setup is greater than the size of the 
specimen making it impractical to place the specimen between the grips inside the frame. To fix 
these issues, it was decided to make use of extensions that come out of the grips and are attached 
to the specimen with a dowel pin. Likewise, the idea is to sandwich the specimen in the extensions 
and secure in place by another dowel pin as shown in Figure 3.5 and Figure 3.6. As seen in the 
pictures, a total of four rectangular steel plates (2 mm in thickness) of suitable dimensions were 
made and two holes were drilled on each plate in order to run the dowel pins through the grips 
and through the specimen.  
The diameters of the D1 and D2 pins are 1.5 mm and 3.8 mm respectively. The D2 pins 
are rated to hold a significant amount of load in shear and are not of concern for failure during 
experiment. The D1 pins (Alloy Steel) are rated for a maximum load of 1780 N (400 lb) in shear, 





of the specimen. Two spacers (same thickness as that of the specimen) are placed between the 
extension plates in each side of the grips in order to minimize the bending effects on the pins due 
to the possible misalignment of the plates. A preliminary calculation was done to verify the 
deformations in the extension plates at the maximum load are within the elastic range and will not 
tear the plates near the holes. An engineering drawing of the extension geometry is given in the 
Appendix A (Section G).  
 
 







Figure 3.6 – µTS grips and specimen with extension setup (side view). 
 
3.4 Description of a Typical Experiment 
A total of six experiments were done for the T2 tests (three in RD and three in ND). The 
primary objective of the experiments is to test the T2-ND specimens to get the stress-strain 
response in the through-thickness direction (ND) of the plate. However, since the specimen 
geometry is novel, it is essential to verify the obtained responses in order to have confidence in 
the acquired experimental results. For this purpose, it was decided to also run experiments on 
the specimens (T2-0) extracted in the rolling direction (RD). The T2-0 specimens have the exact 
same geometry as that of the T2-ND specimens and their results were compared with those from 
the standard T1 tests described earlier. 
The intent was to keep the strain rate of the T2 tests at the quasi-static level of 10-3 /s 
(same as in previous tension tests). The plot of strain versus time up to the uniform deformation 





rate. As seen from the equation, the obtained strain rate is found to be very close to the intended 
strain rate. 
 
Figure 3.7 – Strain rate of the T2 tests. 
3.5 2D Digital Image Correlation 
The DIC method was used to acquire the strain. A series of snapshots from the 2D-DIC 
system for T2-1-0 specimen at different levels of overall, average strain δ/GL are shown in Figure 
3.8. The images show that the strain field starts to become non-uniform during necking 







Figure 3.8 – Contours of axial Lagrangian strain acquired with the DIC system at 
different levels of average strain δ/GL (= 0%, 10%, 30% and fracture). 
3.6 Comparison of T1 and T2 tests 
The nominal stress-strain curves for T2-0 tests are shown in Figure 3.9 (see Figure 3.10 
for true stress-strain curves up to uniform deformation). Included are the responses from two of 
the repeatable tests (T2-1-0 and T2-3-0) along with the result from the T1 test. As seen in the 
plots, the T2-0 responses are repeatable with minor specimen-to-specimen variation. Their 
responses (especially up to the uniform deformation) are very similar to that of the T1 test 
performed on a standard ASTM specimen. The gage length of the DIC virtual extensometer for 
the T1 tests is 25.4 mm (1 inch) and that for the T2 tests is 3.175 mm (1/8 inch) (based on the 
scaling factor of the specimen’s geometry). The difference in extensometer length causes the tails 







Figure 3.9 – Engineering Stress-Strain Curves in the rolling direction. 
 





3.7 Plastic Strain Ratio for T2 Specimens 
Like the T1 tests, the full-field strain data captured by the DIC was used to determine the 
evolution of the R-values (Lankford coefficients) throughout the test. The R-value is the ratio of 
the width-to-thickness plastic strain increments (see Figure 3.11). The R-Value for T2-0 
specimens is plotted in terms of the plastic work in Figure 3.12. The R-Values tend to have a 
transient response at the lower level of deformation and tend to saturate at higher levels of 
deformation with a moderate specimen-to-specimen variation as seen in the figure. However, 
given the size of the specimens and resolution of DIC system, the flexibility of extracting strain 
fields (in order to calculate R-Value) from DIC in the T2 specimens is somewhat limited than in 
the larger size specimens. 
The obtained stress-strain responses and R-Values for the miniature specimens in the 
rolling direction (T2-RD) were found to be repeatable and consistent with slight specimen-to-
specimen variation. The obtained stress-strain results substantiate that the experimental 
procedure and results from the new µTS setup for the miniature tensile tests are reliable. The 







Figure 3.11 – Plastic strain ratio. 
 






UNIAXIAL IN-PLANE COMPRESSION (C1) AND 
THROUGH-THICKNESS COMPRESSION (C2) 
TESTS 
4.1 Specimen Design for C1 and C2 tests 
The C1 and C2 experiments were performed on compression specimens extracted every 
15° from the rolling direction of a plate and through the thickness of the plate. A total of three tests 
were done in each direction in order to generate repeatable and confident stress-strain data. The 
compression specimens are 8 mm (0.315 in.) diameter cylinders with 10.16 mm (0.4 in.) in height. 
An engineering drawing of the specimen geometry is given in the Appendix A (Section D). The 
specimens were turned in a lathe by the sponsor of this project. 
4.2 Experimental Setup and Testing Procedure 
The experiments were performed in an Instron Model # 1350 tension/compression 
servohydraulic testing machine with DAX software and controller (see Figure 4.1). The capacity 
of the machine is 100 kN (22.5 kips) and the stroke is 101.6 mm (4.0”). The machine is fitted with 
a customized compression fixture with two cylindrical compression dies aligned vertically along 
the axis of the actuator. The compression dies are made of hardened steel with smooth flat 
surfaces on one side produced by surface grinding and polishing. As shown in Figure 4.1, the two 
compression dies are mounted on two cross-beams that are connected by linear guides, to ensure 





hardened ball-bearing ball to the machine, to ensure that only axial loads and no bending 
moments are transmitted to the compression fixture.   
Prior to the experiments, the compliance of the machine [23] was documented by 
compressing the dies without a specimen in order to record the load and displacement of the 
actuator. The compliance of the system is later used to determine the actual displacement of the 
specimen in compression. During the experiments, the load and displacement of the actuator was 
recorded. The raw data were collected in the form of load and displacement, and were corrected 
for machine compliance [27] before computing the true stress-true strain curves. 
Before each experiment, the diameter and the height of the specimen (see Figure 4.2) 
were measured using a caliper and a micrometer respectively. The specimen was placed in the 
testing machine in between the two compression dies and centered properly, using a custom 
fixture. The specimen was then secured within the grips by manually pre-loading the specimen 
up-to a few hundreds of Newton force. Then, the experiment was run in displacement control, 
with an actuator displacement rate of 0.013 mm/s, which induced a nominal strain-rate of 10-3 /s 
(same as in the tensile tests reported earlier). The data acquisition was set at 20 Hz for each of 
the tests. The data from the actuator displacement after correcting the compliance of the system, 
as explained below, was used to determine the actual displacement and strain of the specimen. 
Likewise, a mechanical extensometer was also used to record the displacement of the specimen 
by attaching it on the cylindrical dies as shown in Figure 4.1. However, the results from the 















Figure 4.2 – Angled and top views of compression specimens (left undeformed, center 






4.3 Methods of Lubrication 
A special lubricant, Molykote, primarily composed of Molybdenum disulfide (MoS2) was 
used to minimize the effects of the contact friction between faces of the specimen and points of 
contact with the upper and lower platens of compression dies. To make the friction minimizing 
procedure even more effective, each test was interrupted three times (a total of four passes) to 
allow re-lubrication of the specimen in the beginning of each pass [27]. 
4.4 Compliance of the System 
As previously mentioned in Section 4.1, it is important to account for the compliance of the 
system. If the compliance of the testing machine can be characterized reliably and accurately, 
then the actual deformation in the sample can be computed easily by subtracting the non-sample 
displacement in the testing fixture from the total displacement experienced by the actuator [23]. 
The compliance of the system is determined prior to the beginning of new sets of 
experiments. A typical compliance curve for Instron machine is shown in Figure 4.3. The data 
points are fitted with a sixth order polynomial to get a compliance curve, which is then used to 



















4.5 Description of a Typical Experiment 
A total of twenty-four experiments (three in each orientation from 0°-90° every 15° and 
normal direction, ND) were done for the C1/C2 tests. The features of a typical experiment are 
described in this section. For representative figures to show, the experiment selected is a 
compression test in the normal direction (through-thickness test) to the plane of the plate, 
particularly named as C2-1-ND. 
Each experiment was done in a total of four passes, meaning interrupting the tests three 
times in order to re-lubricate and measure the deformed specimens. The tests were interrupted 
frequently to change the lubricant at certain strain increments [27]. The raw load-displacement 
data for one of the uniaxial compression tests is shown in Figure 4.4.  
 





4.6 Data Reduction Procedure 
The raw load-displacement curves in Figure 4.4 can be further processed to obtain a 
continuous response. The responses from the subsequent passes were shifted on the 
displacement axis in order to get the actual response of the material [23]. The shift in the 
displacement axis was determined by measuring the height of the deformed specimens after 
every pass using a micrometer. The load-displacement plots after shifting the curves for all of the 
passes are shown in Figure 4.5.  
 






Furthermore, the linear portions of the shifted load-displacement curves were cut-off to 
get a smooth continuous response in the strain hardening region, as shown in Figure 4.6. The 
curves from each passes are shown in different colors in order to match the curves from the 
previous plot.  
 
Figure 4.6 – Load-displacement plot before compliance (without cut-off). 
4.7 Load and Displacement Analysis  
As seen in Figure 4.6, the initial response in the elastic region appears to be quite non-
linear due to presence of slack in the system. To account for this, a cut-off of data was done 





get the true load-displacement plot as shown in Figure 4.7. This correction involves subtracting 
the displacement of the loading system (see Figure 4.3) from Figure 4.4, for every level of force.  
 
Figure 4.7 – Load-displacement plot after compliance (with cut-off). 
4.8 Elastic Slope Extrapolation  
The elastic slope in Figure 4.7 was extrapolated from the slope of the linear portion of the 
fourth pass after correcting for the compliance. The purpose is to take advantage of the longer 
linear region of higher passes in comparison to lower passes and thus to maximize accuracy. The 
linear plot of the fourth pass to calculate the elastic slope is shown in Figure 4.8. Finally, a 
complete load-displacement response was obtained for the specimen as shown in Figure 4.9. 
The load-displacement plot in Figure 4.9 was slightly shifted to the left to make sure the load 






Figure 4.8 – Elastic Slope (KN/mm) of the specimen from fourth pass.  
 





4.9 Construction of True Stress-Strain Plot 
The load-displacement plot in Figure 4.9 is converted to true stress-strain plot to get the 
complete response of specimen in compression as shown in Figure 4.10. Notice that since the 
compression is not limited by flow localization in the same way that tension is, the material can 
be deformed to higher levels (in this case almost 0.7 true strain, while uniform elongation in 
tension was limited to less than 0.15). The compression tests were stopped when the load 
reached around 90 kN due to the limitation of the testing machine (100 kN capacity). 
 







4.10 Repeatability of Stress-Strain Results 
Like the tension tests, the repeatability of the stress-strain curves between compression 
experiments of the same orientation was excellent. The repeatability of experimental data can be 
seen from the stress-strain curves obtained from the ND orientations plotted in Figure 4.11. A 
total of three specimens were used in each direction to obtain repeatable results. 
 








PLANE-STRAIN TENSION TESTS (PST) 
5.1 Specimen Design for PST tests 
The PST experiments were performed on plane-strain tensile specimens extracted every 
15o from the rolling direction of a plate. The specimen geometry is a rectangular plate with a semi-
circular notch at the center line of the plate. An engineering drawing of the specimen geometry is 
given in the Appendix A (Section E). The specimens were machined by the sponsor of this project 
using a combination of milling and water-jet-cutting. 
5.2 Experimental Setup and Testing Procedure 
The experiments were performed in an MTS Landmark 370 tension/compression 
servohydraulic testing machine with Flextest software and controller. The experimental setup for 
running the plane-strain tension test is shown in Figure 5.1.  
During the experiments, the load and displacement of the actuator were recorded. Like 
the uniaxial round tension tests, the full-strain-field was acquired using the 3-D Digital Image 
Correlation (DIC) method. The VIC-Snap system was used to acquire the images from two 2.0 
Megapixel digital cameras equipped with 35 mm Schneider lenses (see Figure 5.2) with a frame 
rate of 500 ms. The 3-D DIC system setup was calibrated using the standard calibration grid prior 
to the experiments. The images where then post-processed using the VIC-3D system with a 
subset size of 29 pixels and a step size of 7 pixels (software-recommended sizes for standard 
analysis). The loading force output from the MTS controller (DA output Channel 1) was recorded 





Before each experiment, the dimensions of the specimens were measured using a caliper. 
The specimen was painted white and a random speckle of black dots was then applied, for DIC 
purposes (Rust-oleum spray paint). The un-deformed and deformed specimens with speckles 
pattern are shown in Figure 5.3.  
Like the uniaxial tension experiments described in earlier chapters, the specimen clamping 
procedures and testing procedures were followed in a similar fashion. All plane-strain experiments 
(with the exception of specimen at 15° to the RD) were performed at a cross-head displacement 
rate of 0.005 mm/s, which induced a nominal plastic strain-rate of 10-3 /s in the loading direction. 
The strain rate of 15° specimen was kept at 30*10-3 /s due to an initial miscalculation while setting 
up the test. 
 






Figure 5.2 – Close-up view of specimen with DIC cameras. 
 
 





5.3 Coordinate Orientation of the PST Specimen  
The coordinate orientation of PST specimen for stresses and strains calculation is shown 
in Figure 5.4. The strain in the loading direction (axis-1) can be extracted from the strain field 
obtained from the DIC software. The strain in the width direction (axis-2) is also extracted from 
the DIC and is expected to be negligible or close to zero (especially at the center element) as the 
specimen is geometrically constrained in that direction. The strain in the thickness direction can 
be calculated then based on the volume constancy assumption. 
 
Figure 5.4 –PST specimen coordinate orientation. 
5.4 Description of Typical Experiment 
A total of twenty-one experiments (three in each orientation from 0°-90°) were done for 
the PST tests. The features of a typical PST experiment in one orientation are described in this 










The nominal load-displacement curve is shown in Figure 5.5. The displacement here is 
the crosshead displacement of the MTS machine and is not the actual displacement of the 
specimen. The repeatability of PST experiments are very good as can be seen in Figure 5.5. 
 
Figure 5.5 – Load - Crosshead Displacement of the PST specimen. 
 
The load-displacement curve can also be obtained from the displacement of a standard 






Figure 5.6 – Load – Displacement of the PST specimen using 1 inch extensometer 
from DIC. 
5.5 Strain Rate in Loading Direction 
The strain rate of the PST tests in the loading direction (at the plastic region) was kept at 
the quasi-static level of 10-3 /s in order to match an equivalent strain rate of 10-3 /s (same as in 
previous tension and compression tests). The plot of strain versus time for the entire experiment 
is shown in Figure 5.7. Unlike the uniaxial tension strain rate, the strain rate is not entirely linear 
(see the uniaxial strain rate shown as inset in Figure 5.7). However, the strain rate seems to be 
piece-wise linear in the elastic and plastic region of the deformation. The strain rate for all of the 






Figure 5.7 – Stress vs. Time of the PST specimen in the loading direction (also shown as an 








Figure 5.8 – Strain rate (plastic region) of PST specimen in loading direction.  
5.6 3D Digital Image Correlation 
The 3D digital image correlation method is used to acquire the full strain field throughout 
the deformation. A typical DIC image from the experiment is shown in Figure 5.9. The image 
shows the logarithmic strain field in the loading direction. From the image it is seen that the strain 
outside of the notch is in the elastic range and the major deformation occurs at the notch region. 
From this figure, it can be seen that the deformation in the notch is uniform at the center region 
along the width of the specimen. Also, there is a strain gradient in the notch of the specimen with 






Figure 5.9 – Axial Logarithmic Strain field in the PST specimen. 
5.7 Strain Evolution in Loading and Transverse Directions 
The evolution of strain at different levels of displacement (in loading and transverse 
directions) in the PST specimen is shown in Figure 5.10. The strains in the loading and transverse 
directions are obtained using the “line” feature in the VIC-3D software. A straight line was placed 
across the width of the specimen in the center of the notch (see Figure 5.9) to extract logarithmic 





found to be close to zero (especially in the center section of 20% to 80% width) at different levels 
of displacement while those in the axial direction keep evolving. This shows that the obtained 
response in the specimen is a plane-strain condition.  
 











5.8 Stresses and Strains in Axial and Transverse Directions 
The true strain in the loading direction is extracted from the center element using the DIC 
software. The strain in the width direction is assumed to be negligible (see Figure 5.10) and that 
in the thickness direction is calculated based on the conservation of volume. The true strains in 
each directions for a PST specimens are given by Equations 5.1-5.3. 
 ԐT,1 =  ln(ԐE,1 + 1) (5.1) 
 ԐT,2 ≈ 0  (5.2) 
 ԐT,3 = − ԐT,1 (5.3) 
 
The true stress in the loading direction is given by the ratio of force to the instantaneous 
area (width multiplied by thickness). The true stress in the thickness direction is zero as there is 
no external loading in that direction. Finally, the stress in the width direction can be calculated 
based on the plane-strain assumption and is equal to the half of the stress in the loading direction 
(based on a von Mises yield condition assumption). The true stresses in PST are given by 
Equations 5.4-5.6. 
 σT,1 = 
F
A0
(ԐE,1 + 1) (5.4) 
 σT,2 = σT,1/2 (5.5) 
 σT,3 =  0 (5.6) 
 
The stress-strain response along the loading direction in the PST specimen is shown in 
Figure 5.11. The strain here is extracted from the center of the notch (where plane-strain 
assumption is strictly valid, see Figure 5.11) using 3D-DIC software. However, the stress is 






Figure 5.11 – Stress-Strain response of the PST specimen in loading direction.  
5.9 Equivalent Stress and Plastic Strain Calculation 
The equivalent stress from a multi-axial stress condition is useful in comparing the results 
from the simple uniaxial tests. PST experiments have two components of stresses in the loading 
and transverse directions. The equivalent stress and plastic strain under von Mises assumption 
can be obtained for the plane-strain tension experiments and are given by Equations 5.7 and 5.8. 
 σeq = √σ1
2 − σ1σ2 + σ2















5.10 Post-Processing of PST Experiments 
The stress equations given in Section 5.8 are based on the assumption of the stress profile 
being uniform along the center line of the notch. However, the edge of the gage section of the 
specimen is in a state of uniaxial tension [18] while that at the center section the state is plane-
strain tension. Hence the non-uniform stress state at the edge and center of the specimen could 
create an error in calculating the stress based on force divided by area. It is essential to correct 
the experimental plane-strain-tension stress profiles before implementing the results in the 
calibration of a yield function. Some of the PST experiments (i.e. in RD and TD) will be later used 
in the calibration of some yield functions as will be discussed in the Results chapter of this thesis 
(i.e. Chapter 7).  
After analyzing a few different methods, the method that was adopted to correct for the 
stress non-uniformity [16] was the use of an inverse finite element analysis. The FEA software 
used for this purpose is the non-linear implicit code Abaqus/Standard. A FEA model identical to 
the experimental geometry and dimensions of the PST specimen can be analyzed to compare 
the actual stress of the element to the one obtained by force divided by area (used in 
experiments). Then this ratio is used to correct the stresses obtained from the experiments. 
5.11 Finite Element model  
The finite element model is the rectangular plate with a semi-circular notch at the center 
line of the plate (only the un-gripped material is considered). An engineering drawing of the 
specimen geometry is given in the Appendix A (Section E). Only 1/8th of the un-gripped specimen 
is modeled to take advantage of symmetry. The PST model implemented in FEA along with the 
mesh density and boundary conditions is shown in Figure 5.12 and Figure 5.13 (zoomed in around 






Figure 5.12 – Un-gripped PST specimen model (1/8 th) with boundary condition and 
mesh density.  












Figure 5.13 – PST specimen model (1/8 th) with mesh density (zoomed in). 
Symmetry boundary conditions are applied to this model on the bottom, back, and left 
faces as shown in Figure 5.13. A displacement boundary condition in the loading direction, y-
direction (constraining motion in other directions) is applied to a reference point, labeled as a 
virtual load cell as shown in Figure 5.12. This point is kinematically coupled with the nodes of the 
top surface of the model. The elements used are the 8-point reduced integration quadratic 
elements (C3D20R in Abaqus). A rate-independent J2 flow theory with isotropic hardening 
material model is used for the analysis. A material hardening curve in terms of equivalent true 
stress and plastic strain is provided to the software. The equivalent true stress-plastic strain is 











beyond the UTS is extrapolated by a powerlaw fit on the experimental true stress-plastic strain 
data.  
The FEA result of the PST model for the true stress (S22) in the loading direction is shown 
in Figure 5.14. The vertical displacement at this instance is 0.63 mm. The symmetry boundary in 
the back surface plane is mirrored to display the entire thickness and half of the width of the 
specimen for 1/4 model. The contours of stress shown in the figure are in MPa. As seen in Figure 
5.14 the stress distribution in thickness and width direction is non-uniform. 
 






In addition, the response from the FEA model is validated with the experimental response 
in terms of load – displacement curve. The responses from both FEA and experiment is shown in 
Figure 5.15. The load in the FEA model is the load probed from the reference point labeled as 
virtual load cell and that in the experiment is the load recorded by the MTS load cell. Similarly, 
the displacement in the FEA model is the vertical displacement of the top surface of the model 
and that in the experiment is the displacement of the same surface of the specimen extracted 
from the DIC software. As seen in the plots, both of the responses are close in terms of load and 
displacement with a small variation.  
 






5.12 Force Determination from Gage Section 
The instantaneous cross sectional area of each element through the thickness at each 
step of deformation is required to determine the instantaneous cross section of the FEA model. 
As seen in Figure 5.13, there are four elements through the thickness and 56 elements through 
the width of the 1/8th model. These elements were probed at the centroid of the integration points 
to record the width strain, εw (x-direction) and thickness strain, εt (z-direction) throughout the 
simulation. (Abaqus provides this average value using the results from the 8 integration points 
per element.)  
The instantaneous width, thickness, and area of each element are calculated using 
Equations 5.9 - 5.11 respectively. The instantaneous cross-sectional area of the model (Amodel) is 
then determined by summing the instantaneous element areas.  
 wf = woexp (εw) (Eq. 5.9) 
 tf = toexp (εt) (Eq. 5.10) 
 Af = wftf (Eq. 5.11) 
  
Likewise, the force is probed from the reference point (virtual load cell) in the model and 
divided by the instantaneous cross-sectional area of the model to get the uniform stress 
distribution of the model in the width direction. This procedure is very similar to the physical 








5.13 Correction of Experiment Stress Profile using FEA 
Knowing the true stress distribution along the width of the model and the uniform stress 
distribution based on force divided by area for the reference node (similar to experiments) from 
FEA can be used to find the correction factor at different steps of deformation. This correction 
factor can be used to correct the stresses obtained in the experiments. The actual stress 
distribution of the PST model along the width and thickness using the FEA simulation is shown in 
Figure 5.16 for various levels of deformation. The same figure can also be rotated to visualize the 
stress distribution from a different view as shown in Figure 5.17. 
For the sake of easier visualization of the stress distribution, the surfaces shown in Figure 
5.16 and Figure 5.17 are distorted, so that they don’t match the proportions of the original 
dimensions of the specimen. The parallel horizontal surfaces are the uniform stresses based on 
force divided by area while the curved surfaces are the actual stress profiles of the model in the 



















Figure 5.17 – PST stress distribution along width and thickness (different view) 
The three-dimensional plots in Figure 5.16 and Figure 5.17 can be visualized in terms of 
a two-dimensional plot for the surface elements of the model. The stresses in the width direction 
for the surface elements are shown in Figure 5.18. The parallel horizontal lines are the uniform 
stresses based on force divided by area whereas the curved lines are the actual stress profiles of 






Figure 5.18 – PST stress distribution on surface along the width using FEA. 
The stress correction factor is found by taking the ratio of actual stress in the elements to 
the stress obtained using F/A from the reference node for all levels of deformations at the center 
region of the specimen. This ratio was found to be in the range of .88 to .91 in the plastic region 
and 1.19 in the elastic region as shown in Figure 5.19.  
An average ratio of .895 was taken to correct the experimental stresses in the plastic 
region. This information is crucial in order to correct the stresses for the PST-RD and PST-TD 
experiments before implementing them in calibration of yield function as described in Chapter 7. 
 
True Stress from elements 













PLANE-STRAIN COMPRESSION TESTS (PSC) 
6.1 Specimen Design for PSC tests 
The PSC experiments were performed on plane-strain compression specimens extracted 
every 15° from the rolling direction of the plate. A total of three tests were done in each direction 
in order to generate repeatable load-displacement and stress-strain data. The plane-strain 
compression specimens are rectangular cuboids with 2.38 mm x 2.38 mm sides and 12.7 mm 
(1/2 inch) length. An engineering drawing of the specimen geometry is given in the Appendix A 
(Section F). The specimens were prepared by the sponsor of this project using a combination of 
milling and water-jet-cutting. 
6.2 Die and Plunger Design 
A special channel die was designed in order to run the plane-strain compression 
specimens. The other components like the die holder and plunger were also designed in order to 
make use of the existing compression fixture used for the uniaxial compression experiments. After 
brainstorming some ideas about the designs, a simplified and efficient design was implemented 
and the die components were manufactured. The exploded view of the compression fixture 
showing all the components is shown in Figure 6.1. The walls of the channel apply the stress in 
the transverse direction by constraining the deformation in that direction while a load is applied in 
one direction [7]. This type of experiment, also known as channel die experiment is done to obtain 






Figure 6.1 – Exploded view of compression fixture showing the PSC die components. 
The plunger and channel die were made of A2 tool steel while the die holder is made of 
Alloy 1018. The plunger and channel die were hardened by heat-treatment and the surfaces were 
ground and polished in order to get a smooth finish. The engineering drawings of major part 
components, plunger, channel die, and die holder are shown in Appendix A (Sections H, I, and J 






6.3 Die Deformation Analysis at Maximum Loading 
Prior to manufacturing of the dies, a finite element simulation using Solid Works was 
performed on the channel die to investigate the die deformation. The purpose of this analysis is 
to design the die that does not plastically deform at the maximum loading condition. For the 
analysis purpose, Alloy 1018 was chosen as the material. A linear elastic, isotropic model was 
created with a solid mesh of tetrahedral elements. The total number of nodes and elements are 
78,117 and 54,336 respectively. Similarly, a maximum loading condition with an axial load of 100 
kN and transverse load of 50 kN to the channel wall (due to plane-strain condition) are applied to 
run the simulation. The picture of the solid element mesh is shown in Figure 6.2. 
 
Figure 6.2 – Channel die with solid element mesh of tetrahedral elements. 
The von-Mises stress distribution and equivalent strain distribution along the die are 
shown in Figure 6.3 and Figure 6.4 respectively. As seen in Figure 6.3, the maximum stress is 
found to be less than the yield strength of the material (Alloy 1018) used in simulation, ensuring 





Alloy 1018 ensuring higher factor of safety. Also from Figure 6.4, it can be seen that the maximum 
strain is less than 0.2%. These analyses show that the die does not deform plastically at the 
maximum load. 
 
Figure 6.3 – von Mises stress distribution in channel die. 
 





6.4 Experimental Setup and Testing Procedure 
The experiments were performed in an Instron Model # 1350 tension/compression 
servohydraulic testing machine with DAX software and controller (see Figure 6.5). The capacity 
of the machine is 100 kN (22.5 kips) and the stroke is 101.6 mm (4.0”). The machine was fitted 
with the same customized compression fixture as for the simple compression tests (Chapter 4), 
but with the lower die replaced by the channel die. (see Figure 6.5). The upper compression die 
is cylindrical in shape and made of hardened steel. The working end of the die has a smooth flat 
surface produced by surface grinding and polishing.  
Similarly, the bottom die was a channel die (see Figure 6.6) that is made out of hardened 
A2 tool steel. The channel in the die is made in a way to accommodate the plane-strain 
compression (PSC) specimen which is forced to deform in two directions only [35]. The channel 
in the die is made by wire electrical discharge machining (EDM) process, where material is 
removed from the workpiece by a series of current discharges between two electrodes. The 
surface is then ground and polished to yield a smooth-finish inside the channel. In the past, the 
two-dimensional compression tests done by Bell [6] have involved the use of a carefully 
machined, polished slot in a block of very high strength tool steel. As shown in Figure 6.6, the 
channel die is held in place by a die holder that has a narrow circular trench in the center to 
prevent the channel die from slipping or sliding during the experiment.  
The test was run by placing the PSC specimen in the center of the channel and plunger 
on top of the specimen. Like the channel die, the plunger is made out of hardened A2 tool steel 







Figure 6.5 – Instron servohydraulic testing machine at UNH and experimental set-up. 
 






The compression dies are mounted on two cross-beams that are connected by linear 
guides (Figure 6.5), to ensure that they translate parallel to each other. Finally, the top cross-
beam is connected through a hardened ball-bearing ball to the machine, to ensure that only axial 
loads and no bending moments are transmitted to the compression fixture.   
Prior to the experiments, the compliance of the machine was documented by compressing 
the dies and plunger without a specimen in order to record the load and displacement of the 
actuator [23]. The compliance of the system is later used to determine the actual displacement of 
the specimen in compression. During the experiments, the load and displacement of the actuator 
was recorded. Most of the experiments were performed using a combination of a special lubricant, 
Teflon tape and E-900L ball bearing oil in order to minimize the effects of the contact friction 
between the dies and the specimen.  
Before each experiment, the dimensions (length, width, and thickness) of the specimen 
(see Figure 6.7) were measured using a micrometer. The specimen was then placed in the center 
of the channel of the bottom die placed on the die holder with the plunger above the specimen. 
The specimen and the plunger are then secured within the dies by manually pre-loading the 
specimen up-to a few hundreds of Newton force. Then, the experiment is run in displacement 
control, with an actuator displacement rate of 0.0022 mm/s, which induced a nominal plastic 
strain-rate of 0.8*10-3 /s in the loading direction. The strain rate in the loading direction is such 
that the equivalent strain rate is 10-3 /s (same as in the previous tension and compression tests). 






Figure 6.7 – Deformed and un-deformed PSC Specimen. 
6.5 Coordinate Orientation of the PSC Specimen 
The coordinate orientation of PSC specimen for stresses and strains calculation is shown 
in Figure 6.8. The strain in the loading direction (axis-1) is calculated from the displacement data 
after compliance correction. The strain in the width direction (axis-3) is zero due to the constraint 
of the specimen in that direction. The strain in the length direction (axis-3) can be calculated based 
on the volume constancy assumption. 
 





6.6 Methods and Effects of Lubrication procedures 
The contact friction between the specimen surfaces with die and plunger surfaces has 
significant impact on the result if proper care is not taken. To minimize the effect of friction, the 
lubrication process is applied in the following order: one layer of E-900L oil followed by four folds 
of Teflon tape and another layer of oil followed by the PSC specimen followed by oil, 4-fold Teflon 
tape, and oil (see Figure 6.9). By proper lubrication, it is possible to produce approximately 
homogenous deformations in two-dimensional compression at least up to shortenings to two-
thirds the initial length [8]. Also, some of the experiments were performed with other lubrication 
conditions to study the effect of lubrications and the results will be discussed in Chapter 7.  
 







6.7 Compliance of the System 
As described in Section 6.4, the compliance of the system is accounted for [23]. The 
compliance is determined prior to beginning of new sets of experiments. A typical compliance 
curve for Instron machine for the PSC experiment is shown in Figure 6.10. The data points are 
fitted with a fourth order polynomial (for a better fit) to get a compliance curve, which is then used 
to determine the actual displacement of the specimen from the displacement of the actuator. 
 








6.8 Description of a Typical Experiment 
A total of twenty-one experiments (three in each 15° orientation from 0°-90°) were done 
for the PSC tests. The features of a typical PSC experiment are described in this section. The 
experiment selected is a plane-strain compression test at 60° to the RD, i.e. PSC-60. The load-
displacement curve for PSC-1-60 test is shown with and without the compliance correction in 
Figure 6.11 and Figure 6.12 respectively.  
For this test, the load was applied up to 80 kN with a corresponding displacement of 1.8 
mm and 1.2 mm before and after the compliance correction respectively. As previously 
mentioned, the experiment was done with the use of lubricants (Teflon tape and E-900L oil) to 
reduce the effect of contact friction.  
 








Figure 6.12 – Load-displacement plot after compliance correction.  
6.9 Overview of Sticking-Slipping Friction Phenomenon 
As seen in Figure 6.11 and Figure 6.12, at lower level of loading (around 10 kN), the 
response in load is seen to drop abruptly and then increase continuously. This phenomenon is 
observed in most of the experiments with the same setup and procedure. This could possibly due 
to the friction effect resulting from the stick-slip transition. The sticking friction coefficient (static 
coefficient) is usually higher than the slipping friction coefficient (dynamic coefficient) and at the 
transition, the load drops shortly to accommodate the new friction condition. The final results are 
shown after shifting the curves and disregarding the initial effects. Also shown are the load versus 
time curve (Figure 6.13) and displacement versus time (Figure 6.14) curve to confirm that the 






Figure 6.13 – Load vs. Time plot after compliance correction. 
 





Likewise, the effects of lubrication and friction were studied in some of the experiments to 
get the understanding of the effects of the contact friction.  The load-displacement curves (after 
compliance correction) for the PSC-15 (15° to the RD) and PSC-75 (75° to the RD) experiments 
are shown in Figure 6.15 and Figure 6.16 respectively. The PSC-2-15 test was done with using 
only the E-900L oil lubricant while the PSC-1-15 and PSC-3-15 tests were done with the 
combination of Teflon tape and oil. As seen in this plots, the load required to deform the specimen 
is significantly reduced in the latter cases. 
 Similarly, the PSC-2-75 and PSC-3-75 tests were done using Teflon lube paste while the 
PSC-1-75 test was done with Teflon tape and oil combination. Like in the PSC-15 experiment, 
the effect of friction is significantly reduced in the latter case. Thus, it was decided to do the 
majority of other experiments using the Teflon tape and E-900L oil combination as described in 
Section 6.6. 
 
Figure 6.15 – PSC-15 Load-displacement plot with various lubricants. 







Figure 6.16 – PSC-75 Load-displacement plot with various lubricants. 
6.10 Strain Rate in Loading Direction 
The strain rate of the PSC tests in the loading direction (at the plastic region) was kept 
approximately at the quasi-static level of 0.86*10-3 /s in order to match an equivalent strain rate 
of 10-3 /s (same as in previous tension and compression tests). A plot of strain rate in the loading 
direction in PSC experiment is shown in Figure 6.17.  
Teflon lube paste 






Figure 6.17 – Strain rate of the specimen in the loading direction. 
 
6.11 Stresses and Strains in Axial and Transverse Directions 
The stress and strain data were obtained from the load and displacement data after the 
compliance correction. The stresses and strains for the PSC experiments in different directions 
(see Figure 6.8) were calculated based on the following equations (Equations 6.1-6.6) and 
assumptions. The true strain in the loading direction was obtained by taking the logarithm of ratio 
of the instantaneous thickness to the original thickness. The strain in the width direction is zero 
as the specimen is constrained in that direction and the strain in the length direction was 





Similarly, the true stress in the loading direction is given by the ratio of force to the 
instantaneous area (width multiplied by length). The true stress in the length direction is assumed 
to be zero as the specimen is free to move in that direction. Finally, the stress in the width direction 
can be calculated based on the plane-strain assumption and is equal to the half of the stress in 
the loading direction (based on von Mises yield condition assumption).  
The true strains are given by Equations 6.1-6.3. 




 Ԑ2 = −Ԑ1 (6.2) 
 Ԑ3 = 0 (6.3) 
 












  (6.6) 
 
6.12 Data Reduction Procedure 
The load-displacement plot in Figure 6.12 is appropriately shifted after disregarding the 
initial stick-slip friction phenomenon. Then, this load-displacement data is converted into true 
stress-strain data as described in Section 6.11. Then, the true stress-strain (stress-strain 
components in the loading direction) response of specimen in the loading direction is obtained as 








Figure 6.18 – True stress-strain plot of the specimen in the loading direction. 
 
6.13 Equivalent Stress and Equivalent Strain 
Like the plane-strain tension experiments, PSC experiments have two components of 
stresses in the loading and transverse directions. The equivalent stress and equivalent plastic 
strain under von Mises assumption can be obtained for the plane-strain compression experiments 
and are given by Equations 6.7 and 6.8. 
 σeq = √σ1
2 − σ1σ3 + σ3















Likewise, the von Mises equivalent stress - equivalent strain of the PSC experiments can 
be compared with that of the uniaxial compression experiments and is shown in Figure 6.19. The 
red curve is the von Mises equivalent stress - equivalent strain of the PSC test and the green 
curve is the uniaxial stress-strain curve in compression in the 60° orientation. As seen in the 
curves, there is significant discrepancy in the responses. Some of the discrepancy is expected as 
this material is deemed anisotropic, so that the von Mises equations used are not applicable here.  
 







For the plane-strain compression experimental results, it is advised to further investigate 
and understand the effects of friction in the tests including the possibility of stick-slip phenomenon. 
The results from all of the plane-strain compression tests in terms of load-displacement and 
stress-strain are included in the results section to investigate the anisotropic response assuming 
the similar friction effects in all of the tests. However due to need for further processing of the 
experimental data to account for the friction effects, the results will not be used in the calibration 






RESULTS AND DISCUSSION 
7.1 Overview 
The results from all of the experiments performed on CP-Ti specimens (T1, T2, C1, C2, 
RT, PST, PSC) are presented in this chapter in a cumulative way. A total of three tests were done 
in each orientation for most of the experiments to obtain repeatable results.  
First, the stress-strain results from the uniaxial tension and compression tests at different 
in-plane orientations (T1 and C1 at 0°, 15°, 30°,45°,60°,75°,90°) and through-thickness direction 
(T2 and C2 at normal direction, ND) with respect to RD will be discussed. In addition, the results 
from the uniaxial round tensile tests (RT at 0° and 90°) with respect to RD will be discussed. The 
stress-strain results in same orientation for both T1 and RT tests are compared to observe the 
discrepancy in responses resulting from the difference in geometry and machining procedures of 
the specimens. The anisotropy in tension and compression as well as tension-compression 
asymmetry are established from these tests. Also, the results for R-values at different orientations 
from the tension tests are shown in terms of various levels of deformation given by plastic work.  
Similarly, the results from both plane-strain tension and compression tests at different in-
plane orientations (PST and PSC at 0°, 15°, 30°,45°,60°,75°,90°) will be discussed. Like the 
uniaxial tension and compression tests, the anisotropy in plane-strain tension and compression 
as well as plane-strain tension-compression asymmetry are established from these tests. 
Finally, the obtained in-plane experimental data points from both tension (T1) and 
compression (C1) experiments are fitted with an isotropic yield function (von Mises) for an 





will also be fitted with a more sophisticated anisotropic yield criterion, like Hill 1948, suitable for 
anisotropic materials and CPB 06, suitable for materials exhibiting anisotropy as well as tension-
compression asymmetry. The experimental data considered for the yield function calibration are 
the in-plane (RD-TD plane) experiment data points.  These data points include uniaxial tension 
and compression experiments and plane-strain tension experiments along the rolling (RD) and 
transverse directions (TD). In addition, the equibiaxial stress in tension (from uniaxial compression 
test in ND) and equibiaxial stress in compression (from uniaxial tension test in ND) are also 
considered for the yield function calibration. 
7.2 Uniaxial Tension (T1, T2, RT) and Compression (C1 and C2) 
Tests 
7.2.1 Tension responses at in-plane Orientations 
The nominal stress-strain curves in tension from the seven different in-plane orientations 
are shown in Figure 7.1. Only one experiment from each orientation is shown as the tests in all 
orientations were found to be repeatable. It is apparent that this material exhibits anisotropy in 
tension. As seen Figure 7.1, the initial part of the responses is highlighted. In addition, the 
responses seem to group in pairs (symmetric) for the 15o and 75o and the 30o and 60o, 
respectively. Still, the 0o, 45o and 90o remain distinctly different. 
Also, It can be seen that two orientations, 45 o and 90 o, exhibit a yield-point phenomenon, 
as indicated by a peak in the stress-strain response soon after yielding. A yield point phenomenon 
is usually observed when a large stress is required to initiate deformation by slip than to continue 







Figure 7.1 – Engineering stress-strain responses for the 7 orientations to the RD in 
tension.  
Similarly, the true stress-strain curves in tension are shown in Figure 7.2. These curves 







Figure 7.2 – True stress-strain responses for the 7 orientations to the RD in tension.  
7.2.2 R-Value Evolution at in-plane Orientations 
The plastic strain ratio (R-Value) from the tension test at a specific level of plastic 
deformation for each orientation is shown in Figure 7.3, indicating the anisotropic behavior of CP-
Ti. Like the flow stress response, the plastic strain ratio is also found to be symmetric between 
15° and 75° as well as 30° and 60° orientations. Similarly, the R-value in each orientation can be 
plotted in terms of deformation given by plastic work as shown in Figure 7.4. As seen in the plots, 
the R-value for 45° and 90° orientations are found to have some transient behaviors at the lower 
levels of deformation. The R-values finally stabilize to a constant value at higher levels of 






Figure 7.3 – Orientational evolution of the R-value from T1 tension tests. 
 





7.2.3 Flow Stress and R-Value in Normal Direction 
In addition to the in-plane tension tests, the nominal stress-strain curves from two 
experiments in the normal direction are shown in Figure 7.5. It is to be noted that in one of the 
tests, T2-2-ND, the grip pin failed prematurely well after the UTS of the curve. Also included are 
the responses from RD and TD from T1 tests for comparison purposes. The figure shows that the 
T2 tensile responses are repeatable in ND. Besides, as seen in the figure, the responses in RD, 
TD, and ND are distinct, reflecting the anisotropic behavior of CP-Ti in tension. The material 
strength increases going from RD to TD to ND. However, the rate of hardening (up to uniform 
deformation) in each direction are found to be same and shown in zoomed in version in Figure 
7.5. 
 






Also, the full-field strain data captured by the DIC can be used to determine the evolution 
of the R-values in the normal direction like that in the in-plane direction shown in Figure 7.4. The 
R-Value for T2-ND specimens is plotted in terms of the plastic work in Figure 7.6. The R-Values 
for the ND tests start from a transient downward trend to saturation state as the level of 
deformation increases. There is a visible specimen-to-specimen variation in the results as seen 
in the figure.  
 






7.2.4 Round Tension Test Responses 
The nominal stress-strain curves for Round Tension (RT) experiments from two different 
orientations (0o and 90o) are shown in Figure 7.7. A total of 3 tests were done in each orientation 
to confirm the repeatability of the experiments. Like the T1 experiments, the anisotropic behavior 
of the material is obvious in the RT experiments as well.  
 
Figure 7.7 – Engineering stress-strain responses for the 2 orientations (RD and TD) for 








7.2.5 Comparison of RT and T1 responses 
The T1 specimens and RT specimens are similar from the material point of view but are 
different in geometry as already mentioned earlier. For comparison purposes, the responses from 
T1 experiments and RT experiments are plotted together. The T1 and RT response in same 
orientation are found to be slightly different as shown in Figure 7.8 (RD orientation) and Figure 
7.9 (TD orientation). These discrepancies in responses could possibly be due to the difference in 
geometry of the material, machining procedures at different facilities, and difference in timing of 
experiments. 
 






Figure 7.9 – Comparison of RT and T1 stress-strain responses in TD. 
 
Likewise, the R-Values obtained from the T1 experiments are physically justified from the 
deformed RT specimens indicating the anisotropic behavior of the material. The initial circular 
cross section of the specimens deform to become an ellipse-like shape in both RD and TD 
orientations as seen in Figure 7.10. The circle deforms to become a somewhat vertical ellipse-
like shape in RD and a distinct horizontal ellipse-like shape in TD at the current orientation. The 
physical dimensions of the major and minor diameters of the ellipse-like shapes in both 
orientations were measured to roughly approximate the R-values. The obtained R-value 
measurements (1.08 for RD and 2.58 for TD) and corroborate the results obtained from the T1 






Figure 7.10 – Deformed circular cross section in RD and TD of RT specimens.  
In addition, some new specimens (exact same geometry and dimensions of T1 
specimens) in the RD, 45°, and TD directions were tested to confirm the R-value results from the 
T1 experiments. The R-value for the new T1 experiments (labeled T1n) in 0°, 45°, and 90° are 
plotted in terms of deformation given by plastic work as shown in Figure 7.11. As seen in the plots, 
the R-value for 45° and 90° orientations are found to have some transient behaviors at the lower 
levels of deformation. The R-values finally stabilize to stay constant at higher levels of 
deformations for all orientations. The obtained R-value results from the new T1 tests in 0°, 45° 
and 90° orientations (Figure 7.11) are found to be very similar to the earlier results from the 
previous T1 experiments (Figure 7.4). This provides more confidence in the obtained R-value 






Figure 7.11 – R-Value vs. Plastic Work for 3 orientations from the new T1 tests.  
7.2.6 Compression responses at in-plane orientations and ND 
The true stress-strain curves in compression from the seven different in-plane orientations 
as well as from the normal direction are shown in Figure 7.12. The zoomed-in version of the 
curves are shown in Figure 7.13. Only one experiment from each orientation is shown because 
the experiments are found to be repeatable. This material exhibits anisotropy in compression as 
seen in the plots.  
It is observed that, initially (up to 0.10-0.12 true strain) material strength increases going 
from 0° to 90° for the in-plane compression. Like for the tension responses, the highest and the 
lowest strength in compression are found to be in 90° and 0° orientations respectively for the in-
plane deformations. However, unlike tension response, the pairing of responses observed for the 





compressive strength is found to be the highest among all of the tests up to lower level of 
deformations.  
Moreover, it is noticed that as the deformation increases (past approx. 0.12 true strain), 
the responses in 0°, 15°, and 30° (more noticeably in 0°) exhibit higher rates of strain-hardening 
than the remaining population (see Figure 7.12). This anomaly in responses (compression) could 
be possibly due to the micro-structural behavior of the material. However in tension, the specimen 
necks earlier (around 0.10 true strain) so the ability to observe this behavior if there is any is not 
possible.  
 
Figure 7.12 – True stress-strain responses for the 7 in-plane and 1 through-thickness 






Figure 7.13 – True stress-strain responses for the 7 in-plane and 1 through-thickness 
orientations to the RD in compression (zoomed-in). 
7.2.7 Tension-Compression Asymmetry 
A total of 3 experiments were done in each orientation to verify the repeatability of tension 
and compression tests. In addition to that, this material is found to have tension-compression 
asymmetry along with the anisotropy in tension and compression. This tension-compression 
asymmetry is quite distinct at higher levels of orientation (i.e. >45°) with respect to RD. The 
tension-compression asymmetry is shown in a series of plots (Figure 7.14 - 7.21) for 0°  15°, 30°, 
45°, 60°, 75°, 90°, and ND orientations respectively. The colored solid lines are the three 







Figure 7.14 – C1-0 and T1-0 tests: 0° wrt RD in compression and tension. 
 






Figure 7.16 – C1-30 and T1-30 tests: 30° wrt RD in compression and tension. 
 






Figure 7.18 – C1-60 and T1-60 tests: 60° wrt RD in compression and tension. 
 






Figure 7.20 – C1-90 and T1-90 tests: 90° wrt RD in compression and tension. 
 





7.2.8 Orientational Evolution of Flow Stress in Tension and Compression 
The flow (i.e., true) stresses are extracted from tension and compression experiments at 
equal levels of plastic work and plotted as a function of the orientation as shown in Figure 7.22 
(tension) and Figure 7.23 (compression). The orientational evolution of flow stresses in 
compression is quite different from that in tension, as seen in the two plots. The variation in flow 
stress in tension seems to saturate towards the end of uniform elongation, while that in 
compression keeps evolving throughout the loading in a distinct manner. These discrepancies in 
flow stress evolution represent both the anisotropic and tension-compression asymmetric 
behavior of CP-Ti. 
 






Figure 7.23 – Orientational evolution of the flow stress in compression. 
7.3 Plane-Strain Tension (PST) and Plane-Strain Compression (PSC) 
tests 
7.3.1 Plane-strain Tension responses at in-plane Orientations 
The load-displacement curves from seven different orientations with respect to RD for 
plane-strain tension (PST) tests (in the loading direction) are shown in Figure 7.24. The 
displacement is based on the displacement of “1 inch” virtual extensometer from the DIC software. 
Also shown are the true stress-strain curves (stress-strain components in the loading direction) in 
Figure 7.25. Only one experiment from each orientation is shown because the experiments are 
found to be repeatable. As seen in Figure 7.24 and Figure 7.25, this material exhibits anisotropy 





be noted that all of the experiments are performed at a standard strain rate of 10-3 /s with the 
exception of 15° specimen (30 * 10-3 /s) and this specific response is shown in dashed line to 
distinguish from the other responses. The strain rate of 15° specimen is much higher due to the 
initial miscalculation while setting up the test. 
It is observed that, initially the material strength in the loading direction increases going 
from 0° to 90° (except 15° specimen with different strain rate). Like for the tension and 
compression responses, the highest and the lowest strength in loading direction in PST 
specimens are found to be in 90° and 0° orientations respectively. Unlike T1 tests, no symmetry 
was observed in 15°/75° and 30°/60° specimens. 
 
Figure 7.24 – Load-Displacement responses for the 7 in-plane orientations to the RD in 






Figure 7.25 – True Stress-Strain curves for the 7 in-plane orientations to the RD in 
plane-strain tension (PST). 
7.3.2 Plane-strain Compression Responses at In-plane Orientations 
Similarly, the load-displacement curves from seven different orientations with respect to 
RD for plane-strain compression (PSC) tests (in the loading direction) are shown in Figure 7.26. 
Also shown are the true stress-strain curves (stress-strain components in the loading direction) in 
Figure 7.27. Only one experiment from each orientation with similar procedure and lubrication 
method is shown. Most of the experiments (with similar procedure) are found to be repeatable 
with some specimen-to-specimen variation.  
As seen in Figure 7.26 and Figure 7.27, this material exhibits anisotropy in plane-strain 





experiments were performed at the same strain-rate in the loading direction, to match the 
equivalent strain-rate of 10-3 /s. Unlike the previous tension and compression responses, the 
responses from lower angle orientation to higher angle orientation are not found to have a 
systematic variation.  
 
Figure 7.26 – Load-Displacement responses for the 7 in-plane orientations to the RD in 






Figure 7.27 – Stress-Strain responses for the 7 in-plane orientations to the RD in 
plane-strain compression (PSC). 
 
7.3.3 Plane-strain Tension-Compression Asymmetry 
Like the previous tension and compression experiments, a total of 3 experiments were 
done in each orientation to verify the repeatability of the PST and PSC tests. Resembling the 
tension and compression test experiments, the repeatability of the stress-strain curves between 
PST experiments of the same orientation was excellent. Similarly, the repeatability of the stress-
strain curves in PSC between experiments of the same orientation was very good, with some 
specimen-to-specimen variation. However for the PSC experiments, given the size of the 





and lubrication procedures are disregarded. The tests included for the analysis are the ones with 
the least amount of contact friction between the specimen and the die as described in Section 
6.9. 
The repeatability of PST tests along with the PST-PSC asymmetry for 0°,  15°, 30°, 45°, 
60°, 75°, and 90° in loading direction are shown in a series of plots (Figure 7.28 - 7.34) 
respectively. Only one PSC experiment from each orientation is shown for the comparison 
purposes. The colored solid lines are the three PST tests while the black solid line is the PSC test 
in particular orientation. It is apparent that this material is found to have tension-compression 
asymmetry in plane-strain along with the anisotropy in plane-strain tension and compression. 
Unlike the T1 and C1 tests, differences exist in all orientations.  
 






Figure 7.29 – PST-15 and PSC-15 tests: 15° wrt RD. 
 






Figure 7.31 – PST-45 and PSC-45 tests: 45° wrt RD. 
 






Figure 7.33 – PST-75 and PSC-75 tests: 75° wrt RD. 
 





7.4 Yield Surface predicted with Isotropic and Anisotropic yield 
functions 
7.4.1 Overview of the Constitutive Modeling  
This section details the investigations of different isotropic and anisotropic yield criteria 
based on the experimental results of Commercially Pure Titanium (CP-Ti). The first yield criterion 
investigated is the isotropic von Mises model. This is done to perceive the inadequacy of such an 
isotropic model in capturing the complex anisotropic behavior of the material. Likewise, a 
sophisticated anisotropic yield criterion, Hill 1948, is considered as well. This model is slightly 
better than the simple isotropic model but fails to capture the unique tension-compression 
asymmetry of the material [2]. Finally, a more sophisticated yield criterion designed for hexagonal 
closed packed metals, CPB06, is calibrated to obtain a better fit [10]. This model is able to capture 
both the anisotropic and asymmetric behavior of the material (CP-Ti) and is a preferred choice.  
The experimental data considered are the uniaxial tension and compression and plane-
strain-tension along rolling (RD) and transverse direction (TD), and the equibiaxial stress in 
tension and compression. The equibiaxial yield stress in tension is considered to be equal to the 
uniaxial flow stress in compression along the through-thickness direction under the assumption 








7.4.2 Isotropic von Mises Yield Criterion 
The von Mises Yield Criterion states that the materials yield when the second deviatoric 
stress invariant (J2) reaches a critical value [5]. This yield criterion is formulated in terms of the 
equivalent stress and is given by Equation 7.1. 
 σv = √σ12 − σ1σ2 + σ22 (7.1) 
Where, σ1 is the normal stress in RD  
σ2 is the normal stress in TD 
 
The theoretical yield surfaces according to von Mises Yield Criterion along with 
experimental yield stresses for CP-Ti are shown in Figure 7.35. The solid lines represent the 
theoretical yield surfaces at various levels of plastic strain and the solid circles represent the 
experiments. The PST experimental data points are corrected based on the procedures explained 
in Section 5.10-5.12. Also included are the uncorrected PST experiments at RD and TD 
represented by open circles to see the differences in response. As seen in the figure, this criterion 
fails to capture the material responses. This is due to the disregard of anisotropy and tension-
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7.4.3 Anisotropic Hill 1948 Yield Criterion 
The Hill 1948 Yield Criterion is the generalization of the Mises criterion based on the 
anisotropy of the material with three orthogonal symmetry planes [19]. This yield criterion is 


















2 = 1 (7.2) 
The tensile yield stresses in the principal anisotropy directions are denoted by X, Y, and 
Z and are related to the constants (F, G, and H) specific to the anisotropy state of the material. 
The coefficients F, G, and H are obtained as functions of uniaxial yield stresses and are given by 
Equations 7.3 – 7.5. 
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The theoretical yield surfaces according to Hill 1948 Yield Criterion along with 
experimental yield stresses for CP-Ti are shown in Figure 7.36. The solid lines represent the 
theoretical yield surfaces at various levels of plastic strain and the solid circles represent the 
experiments. The uncorrected PST experiments at RD and TD are also shown (open circles) to 
see the differences in response. As seen in the figure, this criterion also fails to capture the entire 
material responses, especially the tension-compression asymmetry. This is due to the fact that 
this yield criterion predicts the same response in tension and compression and does not represent 
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7.4.4 Orthotropic CPB06 Yield Criterion 
The CPB06 yield criterion was proposed by Cazacu, Plunkett, and Barlat [10]. This model 
can describe both the anisotropy of a material and the yielding asymmetry between tension and 
compression, especially for hexagonal closed packed metals like Titanium and Magnesium alloys. 
The yield criterion of Cazacu et al. (2006) specialized to orthotropic symmetry is given by Equation 
7.6. 
 σ = B[(|Ʃ1| − kƩ1)
a + (|Ʃ2| − kƩ2)





Where,  k is an internal variable associated with tension-compression asymmetry 
             a is a homogeneity constant and is taken as 2 for most materials 
          Ʃ1, Ʃ2, Ʃ3 are the principal values of the transformed stress tensor 
Similarly, the 3-D stress conditions involve 9 independent anisotropy coefficients given by 


























                                                           (7.7) 
B is defined as the effective stress and is a constant such that σ reduces to the tensile 
yield stress in the rolling direction as given by Equation 7.8. 











Where,ɸ1, ɸ2, ɸ3 are expressed in terms of the anisotropy coefficients given by Equations 
7.9 – 7.11 respectively. 
 ɸ1 = 
1
3
(2C11 − C12 − C13)  (7.9) 
 ɸ2 = 
1
3
(2C12 − C22 − C23)  (7.10) 
 ɸ3 = 
1
3
(2C13 − C23 − C33)  (7.11) 
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(2C13 − C23 − C33)σ𝑥𝑥 +
1
3
(−C13 +  2C23 − 323)σ𝑦𝑦 (7.17) 
 Ʃ𝑥𝑦 = C66σ𝑥𝑦 (7.18) 
 
The yield surfaces at different levels of plastic strain (0, .05, .10, .15, and .20) for CP-Ti 





circles represent the experimental yield stresses. Likewise, the uncorrected PST experiments at 
RD and TD are included (open circles) to see the differences in response of the corrected data 
versus uncorrected data. 
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As seen in Figure 7.37, the theoretical yield surfaces at all levels of plastic strain capture 
the experimental yield stresses. The yield surfaces shown in Figure 7.37 are obtained after the 
optimization of the anisotropic and asymmetry parameters (C22, C33, C12, C13, C23, C44, and k) 
based on experiments. A minimizing function in Matlab was used to determine the value of 
anisotropic parameters in the model. This minimizing function works by constructing a yield 
surface based off an initial guess of the anisotropic coefficients. The function calculates the 
distance between the experimental data points and the yield surface. Then the function changes 
the coefficients using the optimization algorithm (unconstrained nonlinear optimization with a trust 
region algorithm) and re-calculates that distance. This procedure is repeated at multiple iterations 
until the distance between the experimental data points and yield surface is minimized with some 
provided range until a better fit is obtained (See Appendix B for the list of final anisotropic 
coefficients at each level of plastic strain). Only the stresses (and not the slopes and R-values) 







This research consisted of an experimental investigation of plastic anisotropy of 
Commercially Pure Titanium (CP-Ti) sheet using a variety of testing methods. The different types 
of experiments performed are uniaxial, through-thickness, and plane-strain tension and 
compression tests at various orientations with respect to RD of a plate. In addition, from these 
experiments, material properties of CP-Ti have been extensively characterized and can be 
practically implemented in engineering and design applications for this material.  
The anisotropy in tension has been established and can be seen by comparing the flow 
curves in different directions (Figure 7.1) and the R-values at any given direction (Figure 7.3 and 
Figure 7.4). Also, a yield-point phenomenon is observed in the 45o and 90o orientations. 
Additionally, from the through-thickness tension tests, the stress-strain response of CP-Ti in the 
normal direction is developed and it is found that the tensile strength goes up from RD to TD to 
ND (Figure 7.5). Also, a symmetrical response in terms of flow stress (Figure 7.1) and R-value 
(Figure 7.4) is observed in 15o and 75o as well as 30o and 60o orientations. Likewise, the additional 
in-plane tension tests from round tensile (RT) specimens reveal and corroborate the anisotropic 
nature of CP-Ti in tension. The results from a second batch of T1 specimens and RT specimens 
have validated the R-value information obtained from the previous T1 specimens.  
Similarly, the results from compression tests are used to establish the anisotropy of CP-
Ti in compression (Figure 7.12). The tension and compression results are compared to probe the 
tension-compression asymmetry (Figure 7.14 – 7.21). The flow stresses in tension were found to 
saturate at higher levels of plastic deformation while those in compression were found to evolve 
distinctly (Figure 7.22 and Figure 7.23). The tension-compression asymmetry increases with the 





Furthermore, the results from the plane-strain tension (PST) and the plane-strain-
compression (PSC) tests are used to establish anisotropy and asymmetry of CP-Ti in plane-strain 
tension and compression. This can be seen by comparing the flow curves in different directions 
(Figure 7.25 and Figure 7.27). Also, it was found from the PST experiments that the strength in 
the loading direction goes up from RD to TD (Figure 7.24 and Figure 7.25). In PST tests, the strain 
in the loading direction evolves while that in the transverse direction does not evolve as the 
deformation progresses (Figure 5.10) revealing the plane-strain response of this particular 
specimen geometry. Also, from finite element analysis (FEA), a formal procedure has been 
established for the PST tests to correct the experimental stress profile in the gage section. The 
corrected experimental stress from the PST tests can be implemented in the calibration of 
anisotropic yield functions. Likewise, an experimental setup, testing procedure, and lubrication 
assessment have been investigated, designed, and implemented for running plane-strain 
compression tests.     
Moreover, the various isotropic and anisotropic yield criteria have been investigated and 
implemented on the experimental results of CP-Ti. The simple von Mises model (Figure 7.35) was 
found to be inadequate in capturing the appropriate material responses because this model is 
only good for isotropic material. Likewise, the Hill 1948 (Figure 7.36) yield criterion was able to 
capture the only the tensile responses but not the compression responses because this model is 
insensitive to the tension-compression asymmetry of the material. However, the orthotropic yield 
function CPB 06 (Figure 7.37) designed specifically for HCP metals was able to capture both the 
anisotropic and asymmetric behavior of the material with high accuracy. It is highly advised and 
recommended to use the CPB06 yield criterion with the established anisotropic coefficients for 
numerical simulations of CP-Ti. The finite element analysis with this criterion can be used to 





Also for future work as a continuation of this research, it is recommended to measure the 
initial texture of the rolled Titanium plate using electron backscatter diffraction (EBSD) method in 
Scanning Electron Microscope in order to investigate crystallographic preferred orientation. The 
texture results can be useful in supporting the obtained experimental mechanical properties and 
established anisotropic behavior of the metal. Similarly, the remaining out-of-plane experimental 
data from the angled tests can be used for more sophisticated calibration techniques for existing 
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A. Uniaxial Tension (T1) Specimen geometry 
 
T1: In-plane tension 
Objective 
Produce stress-strain curves in different in-plane 
directions. To establish the anisotropic behavior in 
various orientations with respect to RD in tension. 
Equipment & Status  





Max. load = 19.56 kN (UTS=485 MPa, area=40.32 
mm2) 
Max. strain = 28% 
Comments  
Quantity of specimens (RD, 15o, 30o, 45o, 60o, 75o, TD) x 3 = 21 






B. Round Tensile (RT) Specimen geometry 
 
RT: In-plane tension 
Objective 
Produce stress-strain curves in different in-plane 
directions. To establish the anisotropic behavior in RD 
and TD. 
Equipment & Status  





Max. load = 30. kN (UTS=485 MPa, area=40.32 
mm2) 
Max. strain = 28% 
Comments  
Quantity of specimens (RD, TD) x 3 = 6 











Produce stress-strain curves in normal directions. 
To establish the anisotropic behavior in RD, TD, 
and ND. 
Equipment & Status  






Max. load = 1.37 kN (UTS=517 MPa, area=2.622 
mm2) 
Max. strain = 35% 
Comments  
Quantity of specimens (RD, ND) x 3 = 6 
Ref 













Produce stress-strain curves in different in-plane 
directions and through-thickness. To establish the 
anisotropic behavior in various orientations with respect 
to RD in compression. 
Equipment & Status  





Max. load = upto 96 kN (area=50.52 mm2) 
Max. strain = upto 68% 
Comments  
Quantity of specimens (RD, 15o, 30o, 45o, 60o, 75o, TD, ND) x 3 = 24 







E. Plane Strain Tension (PST) Specimen geometry 
 
PST: plane strain tension 
Objective 
Measure load and strain. Produce stress-strain 
curves in different in-plane directions. To establish 
the anisotropic behavior in 7 orientations (0° to 90°) 
Equipment & Status  






Max. load = 65 kN (area= 90.3 mm2) 
Max. displacement = 0.7 mm 
Comments  








F. Plane Strain Compression (PSC) Specimen geometry 
 
PSC: plane strain compression 
Objective 
Measure load and strain. Produce sts-stn curves in 
different in-plane directions. To establish the 
anisotropic behavior in 7 orientations (0° to 90°) in the 
plane strain scenario. 
Equipment & Status  





Max. load = up to 85 kN (area=30.92 mm2) 
Max. strain = up to 50% 
Comments  








G. T2 Extension Plate Geometry (units: inches) 
 
 







I. PSC Die Component – Channel Die (units: inches) 
 
 







K. CP-Ti Anisotropic Coefficients and Experimental Stresses 
 
Table A.0.1 Anisotropic Coefficients of CP-Ti for CPB 06 Yield Criterion 
CP-Ti Coefficients for CPB 06 Yield Function 
plastic strain 0.9874 1.0607 0.7899 0.8333 0.8577 0.2116 -0.079 
0 0.9987 1.0637 0.7959 0.8354 0.8579 0.2174 -0.0746 
.05 1.077 1.072 0.0204 0.037 0.178 1.0379 -0.1007 
.10 1.0637 1.0647 0.0249 0.0429 0.1645 1.0379 -0.1461 
.15 0.9919 0.9845 0.0108 0.0393 0.0547 1.0089 -0.3145 
.20 0.9874 1.0607 0.7899 0.8333 0.8577 0.2116 -0.079 
 
Table A.0.2 Anisotropic Coefficients of CP-Ti for Hill 1948 Yield Criterion 
CP-Ti Coefficients for Hill 1948 Yield Function 
plastic strain F G H N 
0 0.2149 0.5088 0.5227 1.546 
.05 0.2533 0.4564 0.5444 1.595 
.10 0.2621 0.4253 0.5378 1.815 
.15 0.2312 0.4194 0.5493 1.872 
.20 0.2442 0.3964 0.5292 1.914 
 
Table A.0.3 Yield stresses (in MPa) of CP-Ti from uniaxial Tension 
plastic strain RD TD 
0 359 418 
.05 471 503 
.10 518 540 
.15 544 558 







Table A.0.4 Yield stresses (in MPa) of CP-Ti from uniaxial Compression 
plastic strain RD TD 
0 -324 -386 
.05 -460 -550 
.10 -537 -612 
.15 -616 -660 
.20 -699 -710 
 
Table A.0.5 Equibiaxial stresses (in MPa) of CP-Ti 
plastic strain Tension Compression 
0 422 -394 
.05 561 -524 
.10 626 -574 
.15 675 -599 
.20 719 -611 
 
Table A.0.6 Principal stresses (in MPa) of CP-Ti from Plane-Strain Tension in RD 
plastic strain σ1 σ2 
0 404 202 
.05 540 270 
.10 604 302 
.15 642 321 
.20 670 335 
Table A.0.7 Principal stresses (in MPa) of CP-Ti from Plane-Strain in TD 
plastic strain σ1 σ2 
0 247 493 
.05 306 612 
.10 337 674 
.15 365 729 






L. Notch Size Analysis in Plane-strain Condition 
In addition to the standard plane-strain tension specimens, some of the tests were run 
with specimens that had wider notches than the standard PST specimens. This was done to 
analyze the effects of notch size in the plane-strain condition and to probe the material failure 
under different stress triaxialities [25]. The experimental setup and testing procedure for these 
specimens are very similar to the PST experiments described earlier. The un-deformed and 
deformed wide notched specimens are shown in Figure A.0.1 and Figure A.0.2 respectively. Two 
different notch sizes in RD and TD were investigated for this purpose. The HT3 specimens have 
wider notches than that of GT3 specimens. The nomenclature of the specimen is such that “L” 
refers to RD and “T” refers to TD. As in Chapter 5, the 3D-DIC method was employed to get the 
full strain field in the specimens during deformations.  
 








Figure A.0.2 – Wide notched specimen with speckle pattern. 
 
A typical DIC image from one of the wider notch specimens is shown in Figure A.0.3. The 
evolutions of strains in the loading direction were investigated in three different positions of the 
specimens (marked A, B, and C) in the figure. Similarly, the evolution of strains in both loading 






Figure A.0.3 – DIC image of HT3 wide notched specimen with regions of interest 
The strain field evolutions in loading direction is shown in Figure A.0.4. A seen in the 
figure, the strains in the loading direction is higher at the center region (marked as C) than at the 
edge (marked as A) and in-between region (marked as B). Similarly, the strain field evolution in 
both loading and transverse directions at the center of the notch is shown in Figure A.0.5. This 
figure shows that the strain evolves significantly in the loading direction than in the transverse 
direction. Also unlike the standard PST specimens (Figure 5.9), the strains in transverse direction 
are not insignificant, to justify the assumption of a plane-strain condition. This shows that the 







Figure A.0.4 – Evolution of strains in the loading direction (Regions “A”, “B”, “C” in 
Figure A.0.3) 
 
Figure A.0.5 – Evolution of strains in loading and transverse direction (Region “D” in 
Figure A.0.3) 
A 
B 
C 
D 
